We investigate the relation between measurements and the physical observables for vacuum spacetimes with compact spatial surfaces in (2+1)-gravity with vanishing cosmological constant. By considering an observer who emits lightrays that return to him at a later time, we obtain explicit expressions for several measurable quantities as functions on the physical phase space of the theory: the eigentime elapsed between the emission of a lightray and its return to the observer, the angles between the directions into which the light has to be emitted to return to the observer and the relative frequencies of the lightrays at their emission and return. This provides a framework in which conceptual questions about time, observables and measurements can be addressed. We analyse the properties of these measurements and their geometrical interpretation and show how they allow an observer to determine the values of the Wilson loop observables that parametrise the physical phase space of (2+1)-gravity. We discuss the role of time in the theory and demonstrate that the specification of an observer with respect to the spacetime's geometry amounts to a gauge fixing procedure yielding Dirac observables.
Introduction
Gravity in (2+1) dimensions has been investigated extensively as a toy model for the quantisation of higher-dimensional gravity, for an overview see [1, 2] . As the theory simplifies considerably in (2+1)-dimensions, it becomes amenable to quantisation and thus provides a framework in which conceptual questions of quantum gravity can be investigated in a fully quantised theory. However, this goal is obstructed by a problem present also in (3+1) dimensions: it is difficult to relate the variables parametrising the phase space and used in quantisation to physically meaningful quantities that could be measured by an observer.
Although (2+1)-dimensional gravity is equipped with a complete set of gauge and diffeomorphism invariant observables, the Wilson loops along closed curves in the spacetime, it is currently unclear how these observables are related to realistic physical measurements 1 catherine.meusburger@nottingham.ac.uk performed by observers. This hinders the application of the resulting quantum theory to concrete physical problems and complicates the interpretation even on the classical level. In particular, it is not known how to define operators with a clear physical interpretation, how the Wilson loop observables that parametrise the phase space could be reconstructed from measurements performed by observers and how time variables such as the observer's eigentime enter the theory.
In this paper, we address this problem for Lorentzian vacuum spacetimes in classical (2+1)-gravity with vanishing cosmological constant. More specifically, we consider maximal globally hyperbolic vacuum spacetimes with compact genus g ≥ 2 spatial surfaces, which resemble the Bianchi models in (3+1) dimensions. We pursue an approach similar to gravitational lensing and consider an observer who probes the geometry of the spacetime by emitting lightrays. Such an observer will notice that the lightrays sent in certain directions return to him, and he can measure the amount of eigentime elapsed between the emission and reception of such a returning lightray. Moreover, the observer can determine the directions into which the light needs to be emitted in order to return and the angles between these directions. He also can compare the frequencies of the lightray at its emission and return.
This provides us with physically meaningful measurements that resemble the ones performed in cosmology and astrophysics. The purpose of this paper is to relate these measurements to the observables that parametrise the phase space of the theory and serve as the fundamental building blocks in its quantisation. More specifically, we resolve the following issues:
1. We derive explicit expression for these measurements in terms of the fundamental observables of (2+1)-dimensional gravity, the holonomies along closed curves in the spacetime and the associated Wilson loop observables.
2. We discuss their physical properties, analyse their geometrical interpretation and show how they encode the geometry of the underlying spacetime.
3. We demonstrate how an observer can reconstruct the values of the holonomies and Wilson loop observables and hence the physical state of the spacetime from these measurements.
4. We give a careful discussion of the conceptual issues of quantum gravity that manifest themselves in this description. In particular, we discuss the role of partial and complete observables and show that specifying an observer with respect to the geometry of the spacetime amounts to a gauge fixing procedure.
5. We investigate the role of time in the theory. In particular, we find that the observer's eigentime plays the role of an additional parameter that relates his measurements to the gauge and diffeomorphism invariant observables parametrising the phase space.
Together, these results define a set of physical quantities that could be measured by an observer. These quantities determine the spacetime's geometry uniquely and are given explicitly as functions on the physical phase space of the theory. This provides a framework in which conceptual questions about time, observables and the phase space can be addressed. In particular, it offers the prospect of investigating the associated operators in the quantum theory and of clarifying fundamental conceptual questions of quantum gravity.
The paper is structured as follows. In Sect. 2 we give an overview of the geometrical properties of flat maximal globally hyperbolic vacuum spacetimes of topology R + × S g , where S g is an oriented two-surface of genus g ≥ 2. Following the presentation in [3, 4] , we review the description of such spacetimes as quotients of regions in Minkowski space by the action of cocompact Fuchsian groups and the construction of evolving spacetimes via grafting.
Sect. 3 contains a brief discussion of the conceptual questions in classical and quantum gravity that are associated with observables, time and physical measurements. We motivate and summarise the central idea of this paper -to consider observers that measure the geometry of the spacetime and determine the values of the physical observables via returning lightrays -and discuss its relation to gravitational lensing.
In Sect. 4 we derive the main results of our paper. We consider three realistic physical quantities that could be measured by an observer in the spacetime: the eigentime elapsed between the emission and reception of a returning lightray, the directions in which an observer needs to send light in order to have it return to him and the angles between these directions as well as the relative shift in frequency between the emitted and the returning lightray. We derive explicit expressions for these quantities as functions of the observer's eigentime, his worldline and of the observables that parametrise the physical phase space of the theory. We discuss their physical interpretation and show how they encode the spacetime's geometry.
In Sect. 5 we discuss our results with respect to the conceptual questions of classical and quantum gravity outlined in Sect. 3 . We show that they provide a framework in which these questions can be addressed explicitly and concretely. In particular, we demonstrate that the measurements in Sect. 4 are related to the gauge invariant observables of the theory via the specification of an observer with respect to the geometry of the spacetime, which can be viewed as a gauge fixing procedure. We discuss the role of time in the theory and give an explicit prescription through which the observer can determine the physical observables from his measurements associated with returning lightrays.
Sect. 6 contains our outlook and conclusions. The appendix summarises facts and definitions from two-dimensional hyperbolic geometry and the theory of cocompact Fuchsian groups.
Vacuum spacetimes in (2+1)-gravity 2.1 Definitions and notation
Throughout the paper, we use Einstein's summation convention. Indices run from 0 to 2 and are raised and lowered with the (2+1)-dimensional Minkowski metric η = diag(−1, 1, 1). We use the notations x 2 = η(x, x) = x a x a and x · y = η(x, y) = x a y a . For n ∈ R 3 timelike (n 2 < 0) or spacelike (n 2 > 0), we denote byn the associated unit vector satisfying, respectively,n 2 = −1 andn 2 = 1. We write n ⊥ = {y ∈ R 3 | n · y = 0} for the orthogonal complement of n ∈ R 3 and Π n ⊥ for the projection on n ⊥ Π n ⊥ (v) = v − (vn)n for n 2 > 0 (n spacelike)
v + (vn)n for n 2 < 0 (n timelike) ∀v ∈ R 3 . (2.1)
The proper orthochronous Lorentz group in three dimensions is the group SO(2, 1)
+ 0 ∼ = P SL(2, R) ∼ = P SU(1, 1). We fix a set of generators J a , a = 0, 1, 2, of its Lie algebra in terms of which the Lie bracket takes the form
where ǫ is the totally anti-symmetric tensor in three-dimensions with the convention ǫ 012 = −ǫ 012 = 1. A set of su(1, 1)-matrices satisfying these relations is given by
Using this representation, we obtain for the exponential map exp :
Note that this map is neither injective nor surjective. However, the induced map exp : su(1, 1) → P SU(1, 1) = SU(1, 1)/Z 2 is surjective and elements of the proper orthochronous Lorentz group can therefore be parametrised via (2.4). Elements of P SU(1, 1) ∼ = SO + 0 (2, 1) are called hyperbolic, parabolic and elliptic, respectively, if the vector n in (2.4) is spacelike (n 2 > 0), lightlike (n 2 = 0) and timelike (n 2 < 0).
The standard representation of the (2+1)-dimensional proper orthochronous Lorentz group on R 3 by SO(2, 1) + 0 -matrices agrees with the adjoint action of P SU(1, 1) on its Lie algebra su(1, 1) ∼ = sl(2, R) ∼ = so(2, 1) and will be denoted by Ad(v) in the following
Using (2.4) we find that the action of this representation on vectors x ∈ R 3 is given by
The group of orientation and time orientation preserving isometries of (2+1)-dimensional Minkowski space is the (2+1)-dimensional Poincaré group Isom(M 3 ) = ISO(2, 1) + 0 . It has a semidirect product structure ISO(2, 1)
With the parametrisation
its group multiplication law takes the form 8) and its action on Minkowski space is given by
Vacuum spacetimes via the quotient construction
In the following, we consider Lorentzian (2+1)-gravity with vanishing cosmological constant and without matter. More specifically, we restrict attention to maximal globally hyperbolic vacuum spacetimes with a complete Cauchy surface that are of topology M ≈ R + × S g , where S g is an orientable two-surface of genus g ≥ 2. Spacetimes of this type have been investigated extensively in mathematics and mathematical physics, and their properties are well-understood. They resemble the cosmological solutions of the Einstein equations in (3+1) dimensions such as Bianchi spacetimes. In particular, it is shown in [3] that any spacetime of this type has a big bang singularity and is equipped with a cosmological time function.
Due to the absence of local gravitational degrees of freedom in (2+1)-gravity, any vacuum solution of the (2+1)-dimensional Einstein equations with vanishing cosmological constant is flat and locally isometric to Minkowski space. However, the theory has a finite number of global degrees of freedom for spacetimes of non-trivial topology. For the spacetimes considered in his paper, these global degrees of freedom are manifest in their description as quotients of regions in Minkowski space. It is shown in [3] , for a more recent and accessible discussion see [4, 5] , that these spacetimes are obtained as quotients of certain regions in (2+1)-dimensional Minkowski space by the action of cocompact Fuchsian groups.
The quotient construction for vacuum spacetimes
The first ingredient in the quotient construction is a regular, future complete domain in (2+1)-dimensional Minkowski space. This is an open region D ⊂ M 3 with a distinguished set of points D 0 ⊂ ∂D consisting of those points in ∂D which admit spacelike support planes [4] . In the following we adopt the terminology of [4, 5] and refer to D 0 as the initial singularity of the domain D ⊂ M 3 . Note, however, that this does not coincide exactly with the standard definition of a singularity via geodesic incompleteness [6, 7] 2 .
It has been shown [3] , see also [4, 5] , that the regular domains in the quotient construction are equipped with a cosmological time function and foliated by surfaces D T of constant cosmological time T , i. e. of constant geodesic distance T from the initial singularity D 0
The domain is the future of the initial singularity D 0 , and any point p ∈ D can be parametrised uniquely as The second ingredient in the construction is a cocompact Fuchsian group Γ of genus g. This is a discrete subgroup of the proper orthochronous Lorentz group P SU(1, 1) with 2g generators v a i , v b i ∈ P SU(1, 1), i = 1, . . . , g, and a single defining relation 12) where [u, v] = u·v·u −1 ·v −1 denotes the group commutator. It can be shown that all non-unit elements of a cocompact Fuchsian group are hyperbolic, i. e. given as the exponential (2.4) v = exp(n a J a ) with a spacelike vector n.
The cocompact Fuchsian group Γ acts on the regular domain D ⊂ M via a group homomorphism into the (2+1)-dimensional Poincaré group ISO(2, 1)
It is shown in [3] that this group homomorphism gives rise to a free and properly discontinuous action of the cocompact Fuchsian group Γ on the domain D ⊂ M which preserves each constant cosmological time surface D T .
The quotient spacetime M is obtained by taking the quotient of the regular domain D with respect to this group action. As the latter preserves the constant cosmological time surfaces D T which foliate the domain, this amounts to identifying on each surface of constant cosmological time the points related by the action of Γ via (2.13)
In other words, two points p, q ∈ D parametrised uniquely as in (2.11) are identified if and only if they satisfy T (p) = T (q) and there exists an element v ∈ Γ such that
The fact that the group action is free and properly discontinuous ensures that this quotient is a three-dimensional manifold of topology M ≈ R + × S g and that its fundamental group is isomorphic to the cocompact Fuchsian group π 1 (M) ∼ = π 1 (S g ) ∼ = Γ. It inherits a Lorentzian metric induced by the restriction of the Minkowski metric η to the domain D ⊂ M 3 . The fact that the group action preserves the surfaces of constant cosmological time implies that M is equipped with a cosmological time function and foliated by spacelike surfaces M T = D T /h(Γ) of constant cosmological time, i. e. of constant geodesic distance from M 0 = D 0 /h(Γ). As in the case of the domain, we adopt the terminology of [4, 5] and refer to M 0 as the initial singularity of M, although again this does not coincide exactly with the standard definition via geodesic incompleteness [6, 7] . The metric on M thus takes the form g = −dT 2 + g T , where g T is metric on constant cosmological time surface
The geodesics on the spatial surfaces M T are obtained as the quotients of geodesics on the constant cosmological time surfaces D T with respect to the group action (2.13). Closed geodesics based at a point p ∈ M T are thus in one-to-one correspondence with elements of the fundamental group π 1 (M) ∼ = Γ. They are given by Γ-equivalence classes of geodesics g : R → D T on the constant cosmological time surfaces D T that satisfy
The preimage of a closed geodesic g : R → M T on the spatial surface M T is therefore a set of geodesics G g = {h(v)g | v ∈ Γ}, whereg : R → D T is a lift of g to D T and h(v)g is its image under the action of v ∈ Γ via the group homomorphism (2.13).
Timelike future directed geodesics on M are given as Γ-equivalence classes of timelike future directed geodesics in the domain. The latter can be parametrised as 17) where the parametrisation is unique up to a time shift
The preimage of a timelike, future directed geodesic in the quotient spacetime M is therefore a set of geodesics G x,x 0 = {h(v)g x,x 0 | v ∈ Γ} where g x,x 0 is a specific lift parametrised as in (2.17) and h(v)g x,x 0 is its image under the action (2.13) of v ∈ Γ. Using the parametrisation (2.7), (2.9), we find that these geodesics are of the form
Similarly, a future directed lightlike geodesic in M corresponds to a set of geodesics G x,x 0 = {h(v)g x,x 0 | v ∈ Γ} given as in (2.19) but with x 2 = 0. In this case, the parametrisation in terms of vectors x, x 0 ∈ R 3 is unique up to a time shift (2.18) and a rescaling x → αx, t → t/α with α ∈ R + .
Static spacetimes
We illustrate the general pattern of the construction by considering the simplest spacetimes obtained by it, the so-called static spacetimes 3 associated to a cocompact Fuchsian group Γ. In this case, the regular domain is the interior of a future lightcone based at a point p ∈ R 
As explained in the appendix, the constant cosmological time surfaces D 
From formula (2.9) for the action of the isometry group and the identification (A.3) between the hyperboloids and the Poincaré disc, it follows that this group action agrees with the canonical action (A.12) of Γ on the Poincaré disc. As explained in the appendix, this canonical action of Γ induces a tessellation of hyperbolic space H 2 , and hence of the constant cosmological time surfaces D s T , by geodesic arc 4g-gons, which are mapped into each other by the elements of Γ as indicated in Fig. 7 .
The spacetime M is obtained by identifying on each hyperboloid the points related by the action of Γ or, equivalently, by gluing the sides of each polygon pairwise as shown in Fig. 7 . It takes the form
where g Σg is the standard metric on the surface Σ g = H 2 /Γ induced by the metric on hyperbolic space H 2 ∼ = H 1 . The metric g T on the constant cosmological time surfaces M T therefore does not exhibit an interesting evolution with the cosmological time T . It is rescaled by an overall factor T 2 but stays proportional to the standard metric of the associated twosurface Σ g . In the standard terminology [6] , the spacetimes are therefore conformally static, but for notational simplicity we will refer to them as static in the following.
Evolving spacetimes via grafting
It is shown in [3] that any maximally globally hyperbolic genus g vacuum spacetime can be obtained from a static spacetime via the grafting construction. The ingredients in the grafting construction are a cocompact Fuchsian group Γ and a measured geodesic lamination on the associated surface Σ g = H 2 /Γ. The measured geodesic lamination can be thought of as the limit of a sequence of weighted multicurves (for a precise definition of this limit see [3, 4] ). These are sets of non-intersecting geodesics on Σ g with a positive number, the weight, associated to each geodesic as shown in Fig. 3 . In the following, we summarise the grafting construction for multicurves following the presentation in [4] . Schematically, grafting acts on each constant cosmological time surface M T ∼ = T · Σ T in the static spacetime by inserting a strip along each geodesic in the multicurve on Σ g as shown in Fig. 3 . The construction is performed simultaneously on all surfaces M T , and the widths of the strips are given by the weights of the associated geodesics.
The construction is performed in the universal cover, i. e. the regular domain D s ⊂ M 3 and implemented via the following steps: (2.24) where the sum runs over all geodesic in the multicurve in H 2 which intersect the geodesic segment from the basepoint q ∈ H 2 to its image Ad(v)q ∈ H 2 . The parameters λ i denote the weights of the geodesics and the vectorsn i the spacelike unit normal vectors of the associated planes oriented in such a way that q ·n i < 0, Ad(v)q ·n i > 0. While the hyperbolic part of the constant cosmological time surfaces M T is rescaled with the cosmological time T , the widths of the grafted strips stay constant, which yields a non-trivial evolution of the metric on the spatial surface.
Phase space and observables
As shown by Mess [3] , any maximal globally hyperbolic flat (2+1)-spacetime with a complete Cauchy surface of genus g ≥ 2 can be obtained via the quotient construction summarised in Sect. 2.2. Moreover, the geometry of such spacetimes is determined uniquely by the choice of a cocompact Fuchsian group Γ as in (2.12) together with its action on Minkowski space via the group homomorphism (2.13). As the cocompact Fuchsian group Γ is isomorphic to the fundamental group Γ ∼ = π 1 (M), this implies that every spacetime is characterised uniquely 4 by a group homomorphism 
Using the group multiplication law (2.8) and formula (2.9) for the Poincaré transformations, it follows directly that two points in the transformed domain (Ad(v 0 ), y 0 )D are related by the group action A specific set of such observables are the Wilson loop observables associated to closed curves in M. They were first investigated in [10, 11, 12, 13, 14, 15] and have since played an important role in the classical description and the quantisation of the theory. They are obtained by applying a conjugation invariant function f : ISO + 0 (2, 1) → R to the curve's holonomy. Due to the absence of local degrees of freedom, they only depend on the curve's homotopy equivalence class in π 1 (M) ∼ = Γ and can therefore be viewed as maps
where v λ is the element of Γ ∼ = π 1 (M) associated to λ and h the group homomorphism (2.13).
For Lorentzian (2+1)-gravity with vanishing cosmological constant, each element λ ∈ π 1 (M) is associated with two canonical Wilson loop observables which are the fundamental physical observables of the theory. It is shown in [16, 17] that they generate via the Poisson bracket the two fundamental transformations that change the geometry of the (2+1)-spacetime, grafting and earthquake performed simultaneously on all surfaces of constant cosmological time. These canonical Wilson loop observables, in the following referred to as "mass" m λ and "spin" s λ of λ ∈ π 1 (M), are obtained by applying the functions m, s :
to the holonomy along λ. Note that they are closely related to the traces of the Poincaré-valued holonomies. Using the su(1, 1) representation (2.4) one finds
It has been shown that the mass and spin observables associated to all elements of the fundamental group π 1 (S g ) ∼ = Γ form a complete set of observables. Their values determine the spacetime uniquely and they parametrise the physical phase space (2.27) of the theory.
3 Time, measurements and observers in (2+1)-gravity
Time, measurements and observers
After summarising the properties of maximally globally hyperbolic vacuum spacetimes in (2+1)-gravity with vanishing cosmological constant, we will now use these spacetimes to investigate the relation between spacetime geometry, the physical phase space of the theory and measurements by observers. This will yield concrete examples in which the conceptual issues surrounding time, measurements and the phase space of gravity are manifest and can be investigated. In particular, we will address the following questions.
The physical phase space and measurements by observers
As explained in the previous section, the phase space of (2+1)-gravity is finite-dimensional and admits a simple parametrisation (2.27) in terms of holonomy variables or, equivalently, Wilson loop observables (2.28). These variables are the fundamental building blocks in most quantisation approaches. However, except for particularly simple cases such as the torus universe and certain point particle models, the physical interpretation of these holonomies and Wilson loops is currently not well understood. It is unclear how quantities that could be measured by an observer in the spacetime are given as functions of these holonomies and, conversely, how the values of these observables could be determined by concrete measurements. This complicates the interpretation of the theory and makes it difficult to extract interesting physics from the models.
The concept of observables
The issue of observables in constrained systems and, especially, gravity is subtle because the theory interlaces several notions of physical observables. The first is the concept of physical observables as quantities that could be measured by an observer such as time, lengths, angles etc. The other is the notion of observables as functions on the physical phase space of the theory, i. e. the space of solutions of its equations of motion modulo gauge symmetries. While these two notions coincide for many physical systems, this is not the case for gravity. Functions on the physical phase space are by definition gauge and diffeomorphism invariant, while this is not the case for the usual quantities measured by observers such as lengths, areas or time intervals. This issue gave rise to many discussions and lead to the development of the concepts of partial and complete observables and evolving constants of motion by Rovelli [18, 19, 20] and a formalism for the construction of complete (Dirac) observables by Dittrich [21, 22] .
The role of time in the theory
As the Hamiltonian of general relativity is a constraint, there is no evolution of physical states in the phase space with respect to a time parameter. Physical states are labelled by the time-independent holonomy variables and Wilson loops. However, as explained in the previous section, the geometry of the constant cosmological time surfaces evolves with respect to the cosmological time. This implies in particular that any realistic measurement by an observer will depend on time variables, such as the cosmological time or the observer's eigentime. However, these time variables are not parameters that describe an evolution in phase space, but properties of the spacetime, i. e. the physical states themselves. This raises the question how such time variables enter the theory and manifest themselves in the relation between physical measurements and the gauge and diffeomorphism invariant observables. This issue is of special relevance to the subject of quantum gravity because it arises in many debates concerned with the structure of time and space in a quantum theory of gravity.
The Lorentzian vacuum spacetimes considered in this paper appear as an ideal testing ground for the investigation of these questions. Due to the simplifications in (2+1) dimensions, their phase space can be parametrised explicitly in terms of gauge and diffeomorphism invariant observables and theory becomes amenable to quantisation. Moreover, these spacetimes have a rich geometry with realistic physical features such as an initial singularity and expansion with the cosmological time. They also exhibit strong similarities with the Bianchi models in (3+1) dimensions which are investigated extensively in cosmological applications of quantum gravity. They thus constitute viable toy models for the (3+1)-dimensional case.
The relation to gravitational lensing
The starting point for our investigation is the question which quantities an observer in an empty (2+1)-spacetime could measure. Due to the absence of matter, all measurements of such an observer must be measurements of spacetime geometry itself. The description of spacetime via the quotient construction suggests quantities such as relative lengths of or angles between closed geodesics on surfaces of constant cosmological time. However, it turns out that expressing these quantities in terms of the holonomies which parametrise the phase space of the theory is complicated for evolving spacetimes. It amounts to explicitly recovering the geodesic lamination underlying the grafting construction from the holonomies, which is known to be difficult [23] .
For this reason we pursue an alternative approach and consider an observer who determines the geometry of the spacetime by emitting lightrays. Schematically, such an observer will notice that lightrays sent in certain directions return to him. He can determine the eigentime elapsed between the emission and reception of such returning lightrays, the directions into which the light needs to be sent in order to return and the angles between them. Moreover, he can compare the relative frequency of the emitted and returning lightray and determine how all of these quantities evolve with respect to his eigentime at the emission of the lightray.
The procedure is similar to gravitational lensing (for an overview see [24, 25] ), which is used extensively in astrophysics and astronomy. In gravitational lensing, an observer probes the geometry of a spacetime region by observing multiple images of a light source behind it. As in gravitational lensing, our observer makes use of multiple lightrays between two worldlines to determine the geometry of the spacetime.
The situations differ insofar as in (3+1)-dimensional gravitational lensing the multiple images, aberration and frequency shifts of the lightrays are due to the non-trivial gravitational field between the source and the observer. In (2+1)-gravity this gravitational field vanishes. Instead, the effect is caused by the nontrivial topology of the spacetime. In analogy to the (3+1)-dimensional case the procedure can therefore be viewed as a topological version of gravitational lensing. The other difference is that for reasons of simplicity we take the observer himself as a light source and consider lightrays that return to him, i. e. we consider measurements of the images of the lightsource as seen by the lightsource. However, the discussion in the next section should make it clear, how our analysis can be generalised to external lightsources.
Measurements via returning lightrays 4.1 Return time for lightrays emitted by an observer
To investigate the notions outlined in the previous section, we now focus on measurements of an observer in free fall whose worldline is given by a future directed timelike geodesic in the spacetime M. As explained in Sect. 2.2, this corresponds to an infinite set of future directed, timelike geodesics in the domain D, which are mapped into each other by the action of Γ via (2.13). These geodesics can be parametrised uniquely up to the time shift (2.18) as
Lightrays emitted by the observer in M at eigentime t that return to him at time t + ∆t correspond to lightrays in the domain D ⊂ M 3 that are emitted at the worldline g x,x 0 = h(1)g x,x 0 at eigentime t and are received at one of its images h(v)g x,x 0 at time t + ∆t. They are thus in one-to-one correspondence with elements of the cocompact Fuchsian group Γ ∼ = π 1 (M). As explained in Sect. 2.2.1 the elements of Γ ∼ = π 1 (M) are also in one-to-tone correspondence with closed geodesics on each surface M T of constant cosmological time and, in particular, with geodesics on the static surfaces M s T ∼ = T · Σ g . We therefore have a oneto -one correspondence between returning lightrays and closed geodesics on the constant cosmological time surfaces M T .
The interval ∆t of the observer's eigentime elapsed between the emission and reception of such a lightray is given by the condition (h(v)g x,x 0 (t + ∆t) − g x,x 0 (t)) 2 = 0. This yields a quadratic equation in ∆t with solutions
where g x,x 0 (t) is given by (4.1) and Π w ⊥ denotes the projection on w ⊥ . In the following we focus on the plus sign in (4.2) which characterises the future directed lightray.
To gain a better understanding of this solution, we use the linear independence of the vectors x, Ad(v)x, x ∧ Ad(v)x for v ∈ Γ \ {1} and characterise the initial translation
Moreover, we note that the scalar product x · Ad(v)x is related to the geodesic distance (A.6) of x and Ad(v)x in the hyperboloid
This agrees with the length of the geodesic characterised by x and v ∈ Γ on the quotient surface .2), we find that the interval ∆t of eigentime elapsed between the emission and reception of the returning lightray associated to v ∈ Γ is given by
where t is the observer's eigentime at the emission of the lightray, the variables σ v , τ v , ν v are defined by equation (4.3) and ρ v by (4.4). All of the parameters ρ v , σ v , τ v , ν v in (4.5) are given as functions of the vectors x ∈ H 1 , x 0 ∈ D, which characterise the observer, and of the holonomies h(v) = (Ad(v), a(v)), v ∈ Γ, which characterise the spacetime.
Gauge invariance
Expression (4.5) is invariant under the shift (2.18) of the origin of the observer's eigentime, which reflects the redundancy in the parametrisation (4.1) of his worldline. Combining In particular, this implies that the time intervals are independent of the choice of the lift (4.1) of the observer's worldline in the domain D. Considering instead the situation in which the lightray is emitted at eigentime t at a geodesic h(u)g x,x 0 , u ∈ Γ and received at time t+∆t at h(uvu −1 )g x,x 0 corresponds to a Poincaré transformation (2.26) with (v 0 , a 0 ) = h(u). In that sense, the intervals of eigentime elapsed between the emission and reception of a returning lightray are diffeomorphism invariant quantities that characterise the spacetime.
Observers in static spacetimes
To gain a better understanding of formula (4.5), we consider the static spacetimes associated to a cocompact Fuchsian group Γ. As discussed in Sect. 2.2, the group homomorphism (2.13) then takes the form (2.22) and the translational components of the holonomies are thus characterised by the condition a(v) = (1 − Ad(v))p for a fixed vector p ∈ R 3 and all v ∈ Γ. Observers whose worldline extends to the initial singularity and whose time origin coincides with the big bang are characterised by the condition x 0 = p, where x 0 is the initial position of the observer in (4.1). Inserting these conditions into (4.3), one finds that the parameters σ v , τ v , ν v vanish for all v ∈ Γ. Hence, for such an observer the eigentime elapsed between the emission and reception of a returning lightray is a linear function of the eigentime at emission for all returning lightrays
Static spacetime are therefore characterised by a linear relationship between the time interval ∆t and the eigentime t at the emission of the lightray for observers whose worldline extends to the initial singularity. The proportionality coefficient is given by the length ρ v of the closed geodesic associated with v ∈ Γ on the static surface M
Observers in evolving spacetimes
For a general observer in an evolving spacetime, the eigentime ∆t elapsed between the emission and reception of a returning lightray is linear in the emission time t if and only if the parameter ν v in (4.5) vanishes, i. e. if translation vector (4.3) between the two timelike geodesics g x,x 0 , h(v)g x,x 0 in the domain lies in the plane spanned by x and Ad(v)x. The discussion in Sect. 2.2 implies that this is the case if the corresponding geodesic on a spatial surface M T either does not cross the strips glued in via the grafting construction or crosses these strips orthogonally as depicted in Fig. 6 a. In this case, the direction of the geodesic does not change and its length increases by a constant contribution given by the width of the strip, which does not depend on the cosmological time. Hence, the eigentime elapsed between the emission and reception of the corresponding returning lightray is modified with respect to the associated static spacetime by a constant contribution independent of the emission time t. In contrast, if the light is sent along a geodesic which crosses a strip as shown in Fig. 6 b, the direction of this geodesic is changed with respect to the corresponding geodesic on the static surface. This deflection of the geodesic depends on the cosmological time T , since the width of the strip is constant, while the rest of the surface grows linearly with T as shown in Fig. 5 . The length of this geodesic therefore does not change linearly with the cosmological time.
The time (4.5) elapsed between the emission and reception of the corresponding returning lightray therefore acquires a non-linear dependence on the emission time t.
However, for all observers in evolving spacetimes, formula (4.5) for the time intervals between the emission and reception of a returning lightray approaches the expression for the associated static spacetime in the limit t → ∞
The geometrical features which characterise the spacetime near the initial singularity and the parameters encoding the observer's initial position thus become redundant in this limit.
Relation to the Wilson loop observables
While the dependence of equation (4.5) on the initial position of the observer vanishes in the limit t → ∞, the motion of the observer in relation to the spacetime, i. e. his reference frame specified by the vector x in (4. 
For fixed v ∈ Γ, the time elapsed between the emission and reception of a returning lightray in the limit t → ∞ is thus minimal for observers characterised by the condition x · n v = 0. These are the observers whose momentum vector becomes parallel to the worldline of a point on the axis of the group element v ∈ Γ in the limit t → ∞. For such observers, the parameters ρ v , ν v are given by the Wilson loop observables (2.29) 9) and the general expression (4.5) for time intervals takes the form
The mass observable m v therefore characterises the time elapsed between the emission and reception of the lightray in the limit t → ∞, while the spin observable s v characterises the non-linearity of the function ∆t(t) near the initial singularity. Note also that (2.5) and (4.3) imply that for any observer on the axis of v ∈ Γ the spin observable s v does not depend on his initial position x 0 , which only affects the parameters σ v , τ v in (4.10).
We thus find that expression (4.5) for the time elapsed between the emission and reception of a returning lightray provides a direct and physically intuitive interpretation for the Wilson loop observables. They characterise the time elapsed between the emission and reception of a returning lightray as measured by observers whose momentum vector becomes parallel to the worldline of a point on the associated geodesic in the limit t → ∞.
Angles and directions

Directions for returning lightrays
To deepen our understanding of the relation between spacetime geometry and the physical observables of the theory, we now consider the directions into which an observer needs to emit light in order to obtain returning lightrays and determine the angles between them.
As in the previous subsection, we consider an observer who emits a lightray at eigentime t which returns to him at time t + ∆t. The direction into which this lightray is emitted in the momentum rest frame of the observer is characterised by a spacelike unit vectorp v (t) which is given as the projection of the vector characterising the lightray on the orthogonal complement of the observer's momentum vector
Using formulas (2.1), (4.5) and (4.3), we obtain
where ρ v is given by (4.4), σ v , ν v by (4.3) and
As expected, the angles (4.13) are invariant under shifts (2.18) of the observer's time origin, which do not affect the parameters ρ v , τ v , ν v and transform the variables t, σ v according to t → t + t 0 , σ v → σ v − t 0 for all v ∈ Γ. Moreover, they are invariant under the global Poincaré transformations (2.26) acting simultaneously on the parameters x ∈ H 1 , x 0 ∈ D, which characterise the observer's wordline, and on all holonomies . As equations (2.26), (4.3), (4.4) imply that the parameters ρ v , σ v and ν v are invariant under such transformations, the deflection angles (4.13) are preserved and the direction vectors (4.12) transform covariantly.
Geometrical interpretation
As discussed in the previous subsection, an observer in a static spacetime whose worldline extends to the initial singularity is characterised by the condition σ v = τ v = ν v = 0 for all v ∈ Γ. Hence, for such an observer the angle (4.13) vanishes for all values of the emission time t. The direction in which the lightray needs to be sent in order to return therefore is constant and coincides with the direction of the associated closed, spacelike geodesic.
For a general observer in an evolving spacetime, this direction is approached in the limit where the eigentime tends to infinity lim t→∞ ϕ v (t) = 0. Hence, a general observer finds that the directions into which light needs to be sent in order to return depend on the emission time but become constant in the limit t → ∞, where they approach the ones for the associated static spacetime.
The time dependence of the emission angle (4.13) is due to the the deflection of geodesics on the constant cosmological time surfaces M T at the grafted strips, which is depicted in Fig. 6 . As explained in the previous subsection, the direction of the geodesic changes with respect to the associated geodesic on the static surface if and only if it crosses strips non-orthogonally as depicted in Fig. 6 b. This deflection vanishes in the limit T → ∞, as the width of the strips is constant but the rest of the surface is rescaled with a factor T . If the geodesic associated with v ∈ Γ does not cross any strips or crosses them orthogonally as in Fig. 6 a, the parameter ν v in (4.13) vanishes and its direction coincides with the one of the associated geodesic in the static surface for all values of the emission time t.
Angles between returning lightrays
Although the deflection angles (4.13) can in principle be measured by an observer, the comparison of directions with the directions approached in the limit t → ∞ is impractical. We therefore consider the angle Φ v,w (t) between two returning lightrays, both emitted at time t and associated with group elements v, w ∈ Γ. Using equations (4.12) and (4.13), we find that this angle is given as a sum of two contributions
14)
The angle Φ v,w (∞), obtained in the limit t → ∞, coincides with the one measured by an observer in the associated static spacetime whose worldline extends to the initial singularity
The angle Ψ v,w is time-dependent and vanishes in the limit t → ∞. It is given by
where the functions f v , f w are defined as in (4.13), the parameters ρ v , ρ w are given by (4.4) and σ v , σ w , ν v , ν w by (4.3). This angle describes the deflection of the two associated geodesics on the constant cosmological time surfaces M T at the strips glued in via the grafting construction and therefore varies non-trivially with the emission time t.
Relation to the Wilson loop observables
For an observer whose momentum vector becomes parallel to the worldline of a point on the axis of the group element v ∈ Γ in the limit t → ∞, the parameters ρ v , ν v are given by (4.9). Expression (4.13) for the deflection angle and formulas (4.14) and (4.15), (4.16) for the angles between the direction of returning lightrays are therefore again given as functions of the two fundamental Wilson loop observables associated with v ∈ Γ. The mass observables m v characterise the measurements of the directions and angles for t → ∞. The spin observables s v determine these measurements near the initial singularity of the spacetime.
As in the case of the time elapsed between the emission and reception of a returning lightray, we thus find that the quantities measured by an observer -the directions into which the light needs to be emitted to return and the angles between those directions -are given by gauge invariant functions on the phase space and directly related to the physical observables of the theory. The mass and spin observables (2.29) arise naturally in the measurements of an observer whose momentum vector becomes parallel to the wordline of a point on the axis of v ∈ Γ in the limit t → ∞.
Redshift
It is well-known that expanding cosmological solutions of the Einstein equations in (3+1) dimensions are associated with a redshift which serves as the basis for many cosmological measurements. As the (2+1)-dimensional vacuum spacetimes considered in this paper have similar geometrical properties and also expand with the cosmological time, it is natural to ask if such a redshift is also present in these spacetimes.
To determine if redshifts occur and to derive an explicit expression in terms of the physical observables, we again focus an observer in free fall in the spacetime who emits a lightray at eigentime t which returns to him at eigentime t + ∆t. As explained in the previous subsections, this corresponds to a lightray in the regular domain D ⊂ M 3 which is emitted at a future directed timelike geodesic at time t and received at one of the geodesic's images under the action of Γ at time t + ∆t.
Using this description in terms of geodesics in the regular domain, the relative frequencies of the emitted and returning lightray can be calculated straightforwardly using the relativistic Doppler effect. For this, we consider two observers in Minkowski space with worldlines
The relative frequencies of a lightray characterised by a vector v ∈ R 3 , v 2 = 0, in the reference frames of these observers are
In our situation, the two observers are replaced by two future oriented timelike geodesics in the regular domain, a geodesic g x,x 0 , which lifts the worldline of the observer, and its image h(v)g x,x 0 under the action of an element v ∈ Γ, both parametrised as in (4.1). A lightray emitted by the observer at time t and returning to him at time t + ∆t is characterised by the lightlike vector v = h(v)g x,x 0 (t + ∆t) − g x,x 0 (t) with ∆t given by (4.5). Hence, we have z 1 = x, z 2 = Ad(v)x, and using the parametrisation (4.3) we obtain
Inserting this expression together with (4.5) into (4.17) and denoting by f e and f r , respectively, the frequencies of the emitted and the returning lightray as measured by the observer, we obtain an expression for the relative shift in frequency
where ρ v is given by (4.4) and the parameters σ v , ν v by (4.3). Note that this frequency shift is again a physical observable in the sense that it is invariant under the time shift (2.18) and under the global Poincaré transformations (2.26), which act simultaneously on the observer's reference frame and on the holonomies.
Observers in static spacetimes
For an observer in a static spacetime whose worldline extends to the initial singularity, we have ν v = 0 for all v ∈ Γ, and the frequency shift (4.19) takes the form 
Observers in evolving spacetimes
For a general observer in an evolving spacetime the function f r /f e (t) in (4.19) decreases monotonically and approaches the value for the corresponding static spacetime for t → ∞ Hence, the redshift is maximal in the limit t → ∞ and minimal near the initial singularity. This raises the question if blueshifts can occur for observers near the initial singularity of an evolving spacetime. To demonstrate that this is not the case, we consider an observer whose worldline extends to the initial singularity of an evolving spacetime and for whom the big bang coincides with the time origin t = 0. As the function f r /f e (t) decreases monotonically, it is maximal for t = 0, where it takes the value
Hence, a blueshift at t = 0 would occur if and only if
However, the grafting construction of evolving spacetimes summarised in Sect. 2.2 implies .24) wheren i are the spacelike unit normal vectors of the grafting geodesics in H 2 which intersect the geodesic segment from x to Ad(v)x and the parameters λ i ∈ R + the associated weights. As explained in the paragraph after equation (2.24), the grafting construction requires that the unit normal vectorsn i of the grafting geodesics are oriented in such a way that
Inserting this condition into (4.24) and using the identity (4.4) for ρ v , we find
Combining these conditions yields σ v sinh 2 ρ v ≥ 0, which contradicts (4.23). Hence, blueshifts cannot occur even near the initial singularity of evolving spacetimes.
Relation to the Wilson loop observables
Formula (4.19) provides a simple expression for the redshift in terms of the ISO + 0 (2, 1)-valued holonomies along the elements of the fundamental group π 1 (M) ∼ = Γ, the parameters specifying the observer's worldline and of the observer's eigentime at the emission of the lightray. As in the previous examples, one finds that Wilson loop observables arise naturally in this description. For observers whose momentum vector becomes parallel to the worldline of a point on the axis of an element v ∈ Γ in the limit t → ∞, the parameters ρ v , ν v are given by (4.9). For such an observer, formula (4.19) thus establishes a direct relation between the redshift and the two fundamental Wilson loop observables associated to v ∈ Γ, the mass m v and the spin s v which characterise, respectively, the redshift in the limit t → ∞ and the redshift near the initial singularity of the spacetime.
We thus find that all of the three measurements considered in this section -the time intervals (4.5) elapsed between the emission and reception of a returning lightray, the directions (4.12) in which the light is sent to return and the angles (4.14) between these directions as well as the redshift (4.19) -are given explicitly as functions of the holonomy variables characterising the spacetime, of the observer's eigentime at the emission of the lightray and of the parameters which characterise his initial position and momentum.
Moreover, the expressions for these functions are simple and have a direct geometrical interpretation. They are related to the lengths of closed spacelike geodesics in the static spacetimes associated with Γ and to the deflection of the corresponding geodesics on the grafted strips in the evolving spacetimes. In all cases, the two canonical Wilson loop observables associated with v ∈ Γ characterise the measurements of a special set of observers -those whose momentum vector becomes parallel to the worldline of a point on the axis of v ∈ Γ in the limit t → ∞.
Phase space, time and geometry
We are now ready to address the conceptual questions associated with the measurements considered in the previous section. In this section, we clarify the relation between these measurements and the physical phase space of the theory and demonstrate that specifying an observer with respect to the spacetime's geometry amounts to a gauge fixing procedure. We discuss the role of time in these measurements and show how the observer can use them to reconstruct the full geometry of the spacetime.
Gauge fixing, observables and the role of time
As shown in Sect. 4, all of the quantities under consideration, the time intervals (4.5) between the emission and reception of a returning lightray, the deflection angles (4.13), the angles (4.14) between the directions associated with returning lightrays and the redshift (4.19) are invariant under the global Poincaré transformations (2.26) which act simultaneously on the domain D ⊂ M 3 , on the geodesics in D which characterise the observer's worldline and on the holonomies. In particular, this implies that the measurements are invariant under a shift (2.18) of the observer's time origin which reflects the redundancy in the parametrisation of his worldline. In that sense, the measurements are fully gauge invariant.
However, these measurements are not given as functions on the physical phase space (2.27) of the theory, which is parametrised by the holonomies modulo simultaneous conjugation. Without the specification of an observer, they are functions on the extended phase space Hom 0 (π 1 (M), ISO + 0 (2, 1)), i. e. of the holonomies along a set of generators of the fundamental group, which depend on additional parameters, the observer's eigentime t and the vectors x ∈ H 1 , x 0 ∈ D which parametrise the observer's worldline. They are invariant under a Poincaré transformation which acts simultaneously on the holonomies and of the vectors x ∈ H 1 , x 0 ∈ D, but not under Poincaré transformations acting only on the holonomies.
However, as demonstrated in the previous section, measurements associated with specific observers can be expressed in terms of the variables that parametrise the physical phase space of the theory. For observers whose momentum vector becomes parallel to the worldline of a point on the axis of v ∈ Γ in the limit t → ∞, the measurements (4.5), (4.13), (4.14) and (4.19) are given as functions of the eigentime and of the two fundamental Wilson loop observables (2.28), (2.29) associated with v ∈ Γ ∼ = π 1 (M). This reflects a general pattern: in order to obtain functions on the physical phase space, one needs to specify the worldline of the observer by relating it to the holonomies.
Specification of observers and gauge fixing
As the spacetimes do not contain any matter or distinguished reference frames at spatial infinity, the only physically meaningful way of specifying an observer is with respect to the geometry of the spacetime itself. As this geometry is given uniquely by the holonomies h(v), v ∈ Γ in (2.13), this amounts to relating the vectors x ∈ H 2 , x 0 ∈ D parametrising the observer's worldline to the holonomies h(v).
To specify the vector x ∈ H 2 which determines the observer's reference frame via (2.17), we need to select two elements of the Fuchsian group v = exp(n a v J a ), w = exp(n a w J a ) ∈ Γ \ {1} with respect to which we fix the observer's velocity vector x. For instance, one can choose the generators v a 1 , v b 1 in a fixed presentation (2.12) of Γ which correspond to the a-and b-cycles of the first handle. Alternatively, one could select elements of Γ whose traces are minimal, which amounts to selecting the two shortest geodesics on each static surface of constant cosmological time -if necessary specified uniquely by further conditions.
As explained in the appendix, the vectors n v , n w that parametrise these group elements via the exponential map each define a unique geodesic in hyperbolic space H 1 ∼ = M s 1 , the axes of v, w ∈ Γ. The axes of v, w ∈ Γ intersect if and only if the wedge product n v ∧ n w is timelike. In that case their intersection point is given by the timelike unit vector
Otherwise, there is a unique point on the axis of v whose geodesic distance from the axis of w is minimal. It is given by the timelike unit vector
Identifying the vector x ∈ H 2 , which defines the reference frame of the observer, with these vectors thus amounts to fixing his direction of motion with respect to the geometry of the spacetime. It selects an observer whose momentum vector in the limit t → ∞ becomes parallel to either the worldline of the intersection point of the axes of v, w ∈ Γ or of the point on the axis of v ∈ Γ whose geodesic distance from the axis of w ∈ Γ is minimal.
To eliminate the remaining freedom in the choice of the observer, we need to specify the vector x 0 ∈ D which gives the observer's position at eigentime t = 0. One possibility is to fix this initial position in such a way that the observer's eigentime coincides with the cosmological time. This amounts to selecting a point p ∈ D in the regular domain for which the value of the Gauss map in (2.11) coincides with the vector x fixed via (5.1) or (5.2), N(p) = x, and letting the initial position vector coincide with the retraction map x 0 = r(p). (In the case where the point p lies on a strip glued in via the grafting construction one also needs to fix its distance from the edges of the strip.) This is a well-defined prescription, but its relation to the holonomy variables is complicated and implicit.
We therefore choose a different prescription and specify the initial position of the observer with respect to the translation components of the holonomies h(v), h(w). From (2.6) and (4.3) it follows that for any v = exp(n a v J a ) ∈ Γ it is possible to fix x 0 ∈ D in such a way that
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The residual freedom in the choice of the vector x 0 consists of translations in the direction of n v , which can be fixed by requiring that the parameter τ w vanishes for some w = exp(n a w J a ) ∈ Γ \ {1} chosen such that n v , n w are linearly independent.
Hence, the observer can be specified uniquely via the following prescription: one selects two non-trivial elements in the fundamental group λ, ξ ∈ π 1 (M) and fixes the observer's velocity vector x according to (5.1) if the axes of the associated elements v λ , v ξ ∈ Γ intersect and according to (5.2) otherwise. One then fixes the observer's initial position x 0 by imposing the condition (5.3) for λ and the additional condition τ ξ = 0. Note that such a choice for x 0 can imply that x 0 now lies outside of the domain D ∈ M 3 . However, in that case there still exists a time t 0 ∈ R such that g x,x 0 (t) ∈ D ∀t > t 0 . The situation therefore corresponds to an observer who has chosen the origin of his eigentime prior to the eigentime at which it came into existence. It can be remedied via a shift (2.18) of the observer's time origin.
With this specification of the observer, the parameters ρ v , σ v , τ v , ν v in formulas (4.5), (4.13), (4.19) for, respectively, the elapsed time, the angles and the redshift are given as conjugation invariant functions of the holonomies of a set of generators of the fundamental group π 1 (M) and hence as functions of the physical observables. This provides an explicit expression for the eigentime (4.5) elapsed between the emission and reception of a returning lightray, for the angles (4.14) between the directions in which the light is sent in order to return and for the redshift (4.19) as functions of the physical phase space and of the observer's eigentime t at the emission for all returning lightrays.
It is important to distinguish the quantities (4.5), (4.13), (4.19) , which depend on the observer's worldline and are functions on the extended phase space Hom 0 (π 1 (M), ISO + 0 (2, 1)), from their gauge fixed counterparts on the physical phase space (2.27), for which the observer is specified with respect to the geometry of the spacetime. While the former constitute partial observables in the terminology of Rovelli [18] , the latter are Dirac observables on the physical phase space. The distinction between the two quantities has important consequences for the associated quantum theory.
As shown in [26] , the spectra of the quantum operators associated to partial and Dirac observables can differ fundamentally, which implies that one needs to be careful when deciding which of these operators should be interpreted as a physical measurement. However, the examples studied in [26] have been criticised as artificial [27] . The measurements considered in this paper would allow one to investigate this issue for physically meaningful quantities with a clear interpretation. By considering the associated operators in the quantum theory, one would obtain a framework in which the spectra of partial and complete observables could be investigated and interpreted in a relevant model of quantum gravity.
The role of time
From the discussion in the preceding sections it follows that the observer's eigentime t enters the theory as additional parameter which itself is neither a function on the physical phase space nor a parameter with respect to which the physical states evolve. Rather, it establishes a relation between time-dependent quantities that can be measured by an observer and points in the physical phase space that characterise the geometry of the spacetime.
This role of the eigentime and observers in (2+1)-dimensional vacuum spacetimes provides an example of Rovelli's concepts of partial and complete observables [18] and evolving constants of motion [19, 20] . All of the quantities under consideration, the eigentime (4.5) elapsed between the emission and reception of a returning lightray, the angles (4.13), (4.14) and the redshift (4.19) are physical observables insofar as they can be measured by an observer.
However, neither of them is a function on the physical phase space. The Dirac observables which are functions on the physical phase space (2.27) are the relations between these quantities and the observer's eigentime t at which the lightray is emitted, i. e. expressions (4.5), (4.13), (4.14) and (4.19) for these quantities as functions of the emission time. Alternatively, one can consider the time intervals (4.5), the angles (4.14) and the redshift (4.19) for a fixed value of the emission time.
The eigentime t itself is not a function on phase space. To obtain a Dirac observable corresponding to a time interval, one needs to specify this time with respect to two events in the spacetime. For instance, one can consider the eigentime elapsed between two measurements of the return time (4.5), the angles (4.13), (4.14) or the redshift (4.19) which yield fixed values c 1 , c 2 . This amounts to setting the left hand side of equations (4.5), (4.13), (4.14) or (4.19) equal to the constants c 1 , c 2 and solving them for the eigentime t. After subtracting the resulting values for t, one then obtains a function on the physical phase space (2.27), which involves the constants c 1 , c 2 as parameters.
Another possibility is to consider a fixed eigentime t and to compare two measurements for returning lightrays associated with different geodesics. An example is the time ∆t λ 2 elapsed between the emission and reception of a returning lightray sent in the direction corresponding to a geodesic λ 2 under the condition that the time ∆t λ 1 elapsed between the emission and reception of a returning lightray sent along another geodesic λ 1 has a fixed value ∆t λ 1 = c. This amounts to solving the condition ∆t λ 1 (t) = c given by equation (4.5) for the emission time t and substituting this value for t back into the corresponding equation for λ 2 . One obtains a function that depends on the physical observables and expresses the return time for one lightray as a function of the other.
Alternatively, one can express the value of one measurement associated with a given returning lightray as a function of another. For instance, solving equation (4.13) for t and substituting this value into (4.5) yields an expression for the eigentime elapsed between the emission and reception of a returning lightray in terms of the deflection angle
This expression becomes ill-defined for ϕ v → 0, which is the case for t → ∞ in evolving spacetimes and for all values of t in the static spacetimes. In these cases, the angle ϕ v becomes independent of the emission time and takes the same value for all lightrays. It therefore does no longer encode the information necessary for determining the time elapsed between the emission and reception of returning lightrays.
In all cases, one finds that the physical measurements are relational observables. In other words, the holonomy variables and Wilson loops which parametrise the physical phase space of the theory do not directly determine the measurements of the observer. Rather, they determine the relation between different measurements and allow him to express one measurable quantity as a function of another.
This has direct implications for the investigation of conceptual questions of quantum gravity in the quantised theory. To determine if the spectra of physical operators corresponding to measurements by observers are discrete or continuous, one needs to take into account that physical observables and hence the associated operators on the Hilbert spaces of quantum theory only encode the relation between such measurements and not the measurements themselves. It is therefore meaningless to ask, for instance, if time is discrete or continuous near the Planck scale. Rather, one should ask questions such as "Is the eigentime elapsed between emission and reception of lightray measured by a specific observer characterised in terms of the geometry of the spacetime discrete or continuous as a function of other variables measured by this observer?" Moreover, the measurements under consideration need to be chosen carefully, as naive choices such as (5.4) diverge already on the classical level.
Reconstruction of the holonomies from the measurements of an observer
In the previous sections we derived explicit expressions for the measurements by an observer in terms of the fundamental variables which parametrise the phase space of the theory. This raises the question if and how such an observer can use these measurements to determine the physical state of the system.
As the physical phase space (2.27) is parametrised by the holonomies along the elements of the fundamental group π 1 (M) ∼ = Γ modulo simultaneous conjugation (2.26) , this amounts to reconstructing these holonomies from the measurements of the time intervals (4.5), the directions and angles (4.12), (4.13), (4.14) and the redshift (4.19) . Moreover, this reconstruction of the geometry needs to take into account that beyond such measurements, the observer has no means of determining his initial position and his reference frame. As discussed in the previous subsection, specifying the observer's reference frame is physically meaningful only with respect to the geometry of the spacetime to be determined through these measurements. Hence, we have to assume in the following that the observer is ignorant of the vectors x ∈ H 1 , x 0 ∈ D which characterise his worldline via (4.1).
We start by considering the Lorentzian components of the holonomies (2.13). To find an explicit prescription that allows the observer to reconstruct these quantities from his measurements, we consider formulas (4.5) for the time intervals elapsed between the emission and reception of a returning lightray and formula (4.12) for the directions in the limit t → ∞ 5) where Π x ⊥ is the projection on the orthogonal complement of the observers momentum vector. The parameter ρ v is the geodesic distance between x and Ad(v)x in H 1 and corresponds to the length of the closed geodesic associated with v ∈ Γ on the static spatial surface M
After an arbitrary choice of a vector x ∈ H 1 , these formulas allow the observer to determine both the directions of the geodesic from x to all images Ad(v)x in H 1 and the distance of these images from x. Hence, after selecting an arbitrary vector x ∈ H 1 , the observer can reconstruct all of its images Ad(v)x ∈ H 1 under the action of the cocompact Fuchsian group Γ. This allows the observer to reconstruct the Dirichlet region of Γ and to obtain an explicit set of generators for Γ as follows.
As explained in the appendix, the Dirichlet region R Γ D (x) is obtained as the set of points in H 1 whose geodesic distance from x is less than or equal to their geodesic distance from all images Ad(v)x, v ∈ Γ. The observer can thus reconstruct the Dirichlet region R Γ D (x) by considering all perpendicular bisectors of the geodesic segments joining x and Ad(v)x in H 1 and intersecting the associated half-hyperboloids of points that lie on the same side of these bisectors as x. The result is a 2k-gon R Γ D (x), k ≥ 2g, in which all of the 2k sides are geodesic arcs and the sides are identified pairwise by certain elements v 1 , . . . , v k ∈ Γ. These group elements form a set of generators 6 of Γ.
By considering the time intervals (4.5) between the emission and reception of a returning lightray and the directions (4.12) in the limit t → ∞ and for all returning lightrays, the observer can thus reconstruct the cocompact Fuchsian group Γ as well as a presentation in terms of a set of generators and relations. This amounts to determining the Lorentzian component of the holonomies which characterise the geometry of the associated static spacetime approached in the limit T → ∞. These measurements thus allow the observer to fully reconstruct the geometry of the spacetime for T → ∞.
Note that the choice of the basepoint in this construction does not affect the result. A different choice of basepoint yields a set of generators that is related to the original set by global conjugation with an element v 0 ∈ SO + 0 (2, 1) ∼ = P SU (1, 1) . This corresponds to a global Lorentz transformation acting on the domain D ⊂ M 3 and the holonomies according to (2.26) and is a gauge symmetry. In other words, the observer does not need to know its direction of motion relative to the geometry of the spacetime in order to reconstruct the static spacetime approached in the limit T → ∞.
To determine the translational component of the holonomies (2.13) up to global conjugation, the observer needs to measure the parameters σ v , τ v , ν v in (4.3) for all v ∈ Γ and then insert the value of his chosen basepoint x and the group elements v ∈ Γ into (4.3). This can be done, for instance, by considering how the directions into which the light needs to be emitted to return to the observer change with time. Formula (4.13) for the deflection angle allows the observer to determine the parameter ν v
Knowing the values of the parameters ρ v and ν v for all elements v ∈ Γ, the observer can then reconstruct the quantity (t + σ v ) by considering for instance, the frequency shift (4.19) . His measurements of the time intervals (4.5) between the emission and reception of the returning lightrays allow him then to reconstruct the parameters τ v for all v ∈ Γ.
Note that it is not possible for the observer to reconstruct the parameters σ v from his measurements unless he knows the origin of his eigentime. This reflects the invariance under the shift (2.18) of the observer's time origin which is due to the redundancy in the parametrisation (4.1) of his worldline. It corresponds to a global Poincaré transformation (2.26) with (v 0 , a 0 ) = (1, t 0 x), under which the parameters σ v transform as σ v → σ v − t 0 for all v ∈ Γ. Hence, the observer needs to specify an origin for his eigentime by selecting an arbitrary value for the parameter σ v for one of the group elements v ∈ Γ \ {1}. Observers who make different choices for these parameters obtain holonomies which differ by a global Poincaré transformation (2.26) which reflects the gauge freedom of the theory.
Together, the two steps of the construction allow the observer (assumed to be ignorant of the parameters characterising his own worldline) to determine the holonomies (2.13) up to global conjugation. As these holonomies parametrise the physical phase space (2.27) of the theory and determine the geometry of the spacetime uniquely, we have thus demonstrated that a general observer in an evolving spacetime can reconstruct the full geometry of the spacetime from physical measurements analogous to gravitational lensing. Moreover, the results in this subsection provide an explicit algorithm for doing so.
Outlook and conclusions
In this paper we addressed the problem of relating the gauge and diffeomorphism invariant observables that parametrise the phase space of (2+1)-dimensional gravity to realistic physical measurements. By considering an observer who probes the geometry of the spacetime by emitting returning lightrays, we identified several quantities that are directly related to the observables of the theory and have a clear physical interpretation: the eigentime elapsed between the emission and reception of a returning lightray, the directions into which the light needs to be sent in order to return to the observer as well as the angles between them and the frequency shift between the emitted and the returning lightray.
We derived explicit expressions for these measurements in terms of the variables that parametrise the physical phase space of the theory and are the fundamental building blocks in its quantisation, the holonomies and Wilson loop observables. More specifically, we found that the measurements performed by observers are given as functions of the holonomies, the observer's eigentime at the emission of the lightray and of additional parameters that characterise the observer's worldline. We demonstrated that specifying an observer with respect to the geometry of the spacetime amounts to a gauge fixing prescription and that the associated measurements are Dirac observables, functions on the physical phase space that depend on the emission time as an additional parameter.
We discussed the physical interpretation of these measurements and analysed how they encode the geometry of the spacetime. This gave rise to an explicit prescription that allows an observer to reconstruct the values of the physical observables and hence the physical state of the system from the results of his measurements. In particular, we showed that the fundamental gauge and diffeomorphism invariant observables of the theory, the Wilson loops associated with closed curves in the spacetime, arise naturally as parameters in the measurements of a special set of observers. They are associated with observers whose momentum three-vector is parallel to the worldline of points on the associated geodesic in the limit where the cosmological time and the eigentime tend to infinity.
Our results thus provide a set of observables with a clear physical interpretation that are directly related to realistic physical measurements performed by observers in a spacetime. They also shed light on several conceptual questions of quantum gravity that manifest themselves in the description. In particular, they serve as a concrete example which allows one to investigate the role of time in the theory and the relation between partial and complete observables.
This offers the prospect of defining and investigating the associated operators in the quantised theory. The results of Sect. 4 and Sect. 5 could be adapted in a straightforward manner to a formulation of the theory based on graphs or spin network functions. They also could be generalised to vacuum spacetimes in Lorentzian (2+1)-gravity with a non-trivial cosmological constant, although the calculations will be more involved and additional complications can be expected for the de Sitter case 7 .
The application of the results to the quantised theory would allow one to investigate fundamental questions of quantum gravity in a concrete and well-defined example. In particular, it could be used to investigate the role of time in the quantum theory and to address ques-tions about the spectra of physical operators, which have been subject to much debate in the quantum gravity community [26, 27] .
Finally, the results of this paper might also be relevant to cosmological applications of quantum gravity in (3+1) dimensions. The measurements investigated in this paper are similar to those in gravitational lensing and the description could easily be generalised to include external sources. Moreover, the spacetimes considered in this paper have realistic physical properties such as initial singularities and expansion with the cosmological time and share many features with the Bianchi spacetimes studied extensively in (loop) quantum cosmology. It therefore seems plausible that the results of this paper would have counterparts and analogies in that context.
A Hyperbolic geometry and Fuchsian groups
In this appendix we summarise some notions from two-dimensional hyperbolic geometry and the theory of Fuchsian groups required for the understanding of this paper. For a more thorough treatment of hyperbolic geometry and Riemann surfaces we refer the reader to the books by Benedetti and Petronio [29] and by Farkas and Kra [30] . An accessible introduction to the theory of Fuchsian groups is given in the book [31] by Katok.
A.1 Two-dimensional hyperbolic geometry
Poincaré disc and hyperboloid model Two-dimensional hyperbolic geometry is concerned with the geometry of two-dimensional hyperbolic space H 2 , which can be realised either as the Poincaré disc, the upper halfplane or a hyperboloid in Minkowski space. In this appendix, we focus on the disc and the hyperboloid model. The Poincaré disc model is given by
The hyperboloid model is the unit hyperboloid in Minkowski space M 3 with the metric induced by the Minkowski metric
The two models are isometric, with the identification of a point x = (x 0 , x 1 , x 2 ) ∈ H 1 and a point z = z 1 + iz 2 on the Poincaré disc given by z = In the hyperboloid model, geodesics are given as the intersections of the hyperboloid H 1 and planes n ⊥ through the origin with spacelike normal vectors n as shown in Fig. 4 a) n ⊥ = {x ∈ R 3 | x · n = 0} n 2 > 0. (A.9)
The unique geodesic through two points x, y ∈ H 1 is the intersection of H 1 with the plane with normal vector x ∧ y. Using formula (A.3) for the identification of the disc with the hyperboloid, one finds that the geodesic distance (A.6) of two points x, y ∈ H 1 is given by cosh ρ(x, y) = −x · y. (A.10)
Isometries
The isometry group of two-dimensional hyperbolic space H 2 is the group P SU(1, 1) = SU(1, 1)/Z 2 ∼ = P SL(2, R) = SL(2, R)/Z 2 ∼ = SO(2, 1) The axis of a hyperbolic element v ∈ P SU(1, 1) is the unique geodesic through its two fixed points and is mapped to itself by the action of v in (A.12). It is given by the equation In the hyperboloid model, the isometry group P SU(1, 1) ∼ = SO(2, 1) + 0 acts via its SO(2, 1)-representation which agrees with its adjoint representation on su(1, 1) ∼ = so(2, 1) ∼ = R 3 given by (2.5). Using the parametrisation (2.6) in terms of a vector n ∈ R 3 via the exponential map, one finds that elements are hyperbolic, parabolic and elliptic, respectively, if n 2 > 0 (spacelike), n 2 = 0 (lightlike) and n 2 < 0 (timelike). The axis of a hyperbolic element parametrised as in (2.6) is the intersection of the hyperboloid H T with the plane n ⊥ .
A.2 Cocompact Fuchsian groups
A Fuchsian group is a discrete subgroup of P SU(1, 1) ∼ = P SL(2, R) ∼ = SO(2, 1) + 0 . A cocompact Fuchsian group of genus g is a Fuchsian group Γ such that the quotient H 2 /Γ is a compact orientable surface of genus g. It has a presentation in terms of 2g generators and a defining relation Γ = a 1 , b 1 , . . . , a g , b g ∈ P SU(1, 1) | [b g , a where [u, v] = uvu −1 v −1 is the group commutator. All (non-unit) elements of a cocompact Fuchsian group are hyperbolic. Its action on H 2 via (A.12) is free and properly discontinuous, which implies that the quotient Σ g = H 2 /Γ is a two-dimensional manifold of genus g with a metric of constant curvature -1 induced by the metric on H 2 . The geodesics on the surface Σ g are the images of Γ-equivalence classes of geodesics on H 2 under the projection H 2 → H 2 /Γ.
A fundamental region for a Fuchsian group Γ is a closed region F ⊂ H 2 such that 8 Note that this does not in general imply k = 2g and neither that this set of generators is of the form (A.14). In the generic situation one has k > 2g and the generators satisfy a different set of relations. It has been shown by Poincaré [32] that starting from the Dirichlet region, it is possible to construct another fundamental region for Γ, the so called standard or canonical fundamental region R Γ s of Γ. This is again a compact, convex, connected region in D bounded by geodesic arcs which are identified pairwise by certain elements of Γ. However, in this case the number of arcs is always 4g. The geodesic arcs in its boundary are identified as shown in Fig. 7,  and the associated group elements v a 1 , v b 1 , . .., v ag , v bg ∈ Γ form a set of generators of Γ as in (A.14). The quotient surface Σ g = H 2 /Γ is obtained by gluing the sides of the standard polygon pairwise as shown in Fig 7. A set of curves representing the associated generators of its fundamental group is depicted in Fig. 8 .
